The profitability of a trading system based on the momentum-like effects of price jumps was tested on the time series of 7 assets (EUR/USD, GBP/USD, USD/CHF and USD/JPY exchange rates and Light Crude Oil, E-Mini S&P 500 and VIX Futures), in each case for 7 different frequencies (ranging from 1-Minute to 1-Day), over a period of more than 20 years (for all assets except for the VIX) ending in the second half of 2015. The proposed trading system entered long and short trades in the direction of price jumps, for the closing price of the period in which the jump occurred. The position was held for a fixed number of periods that was optimized on the in-sample period. Jumps were identified with the non-parametric L-Estimator whose inputs (period used for local volatility calculation and confidence level used for jump detection) were also optimized on the in-sample period. The proposed system achieved promising results for the 4 currency markets, especially at the 15-minute and 30-minute frequencies at which 3 out of the 4 tested currencies turned profitable (with highest profits achieved by USD/CHF, followed by EUR/USD and GBP/USD), with the profits totalling up to 30-50% p.a. in the case of a high-leverage scenario, or 15-25% in the case of a low-leverage scenario. Additionally, the 5-minute frequency turned profitable for USD/CHF and the 4-hour frequency for GBP/USD, while the 1-minute frequency was unprofitable in all cases due to the commissions and the 1-day frequency contained too few jumps to make any conclusions. As for the futures markets, the system achieved profits only on the Light Crude Oil market, on the frequencies of 1-hour, 4-hour and 1-day, with the profits totalling up to 20% p.a. in the case of high leverage or 10% p.a. in the case of low leverage. For USD/JPY, E-Mini S&P 500 Futures and VIX Futures the system achieved mostly a loss. We attribute this (in the latter two cases) to the effect of a rising market risk premium in the case of negative jumps, going against the jump-momentum effect used by the system.
Introduction
It is an established fact in financial econometrics that the behaviour of financial time series contains two sources of variability, a continuous, stochastic volatility component, and a discontinuous, jump component. Jumps, representing large discontinuous movements of asset prices, significantly increase the tails of the short-horizon asset return distribution, with significant implications for tasks such as option pricing, VaR estimation, market making or quantitative trading.
Numerous studies have analysed the jump dynamics, identifying effects such as absolute-value size dependency (Fičura, With the increased availability and quality of high-frequency financial data and with the development of efficient non-parametric jump estimators based on the asymptotic theory of power variations, studies have emerged, finding that jumps may even have an impact on the direction of future asset price returns, when studied at high frequencies, carrying a potentially profitable trading signal. Among recent studies analysing the after-jump behaviour of asset prices is the study of Behfar (2016) finding evidence for long-memory behaviour of the S&P 500 Index after the price jumps, or the study of Novotny, Petrov and Urga (2015) , analysing the profitability of after-jump trading on the 5-minute frequency of the foreign exchange rate time series, finding that for Euro, Yen and Rand, it is possible to achieve profit with this strategy, even in the presence of a bid-ask spread.
As the jumps often coincide with macroeconomic news announcements, it is possible to link the momentum-like after-jump effect to the delayed reaction of asset prices to macroeconomic news announcements. The evidence on whether the prices react to macroeconomic news announcements efficiently or if their reactions are delayed (or if the possibly overshoot), is rather mixed, with studies of Brazys and Martens (2014) and Brazys, Duyvesteyn and Matens (2015) indicating a possibly delayed reaction for the bond markets to macroeconomic news announcements, while the study of Andersen et. al (2006) found no evidence of a statistically significant reaction to macroeconomic news beyond the first 5 minutes after the news announcements, in the bond, stock and the foreign exchange markets.
As the possible existence of a predictable after-jump behaviour violates the efficient market hypothesis, while at the same time being potentially very interesting for investors and speculators, we perform a detailed analysis of this phenomenon for multiple assets on multiple frequencies, in order to either confirm or reject its existence and to further elaborate on the potential profitability of the trading signals that it offers.
In the performed analysis, we study the after-jump behaviour on 7 different markets (EUR/USD, GBP/USD, USD/CHF and USD/JPY exchange rates, and the S&P500, VIX and Light Crude Oil futures prices) in a time-period of up to two decades, depending on the data availability for the given asset. The jumps in the time series are identified with a non-parametric L-Estimator proposed by Lee and Mykland (2008) , which identifies price jumps at the exact time when they occur and it is thus particularly well suited for trading purposes. The analysis is performed for each of the analysed assets on 7 different frequencies (ranging from 1 minute to 1 day), in order to analyse at what frequency do the markets start to get efficient (i.e. the jumps stop to have predictive power with regards to the future returns at that frequency).
An after-jump trading system is proposed and its profitability is evaluated, in a methodologically robust way that avoids the risks of the forward-looking bias and selection bias. The whole data sample is divided into an in-sample and out-sample period (first vs. second half of the available data), with the in-sample period being used to fine-tune the parameters of the proposed trading algorithm, such as the period used for the local volatility calculation in the L-Estimator, the confidence level used for the jump identification, and the horizon during which the positions are held. The out-sample period (covering the most recent half of the data for each of the assets) is then used to evaluate the performance of the fine-tuned models with regards to their profitability and risk, in the presence of transaction costs.
The rest of the study proceeds as follows. In the first section we explain the notion of realized bipower variation (used for local volatility estimation) and the L-Estimator used for non-parametric and model-free identification of jumps in the financial time series. In the second section, the dataset is presented and statistics about the identified jumps in the time series are discussed. In the third section, the after-jump trading strategy is proposed and its results are evaluated. Finally, in the last section, the results of the study are summarized and conclusions about the profitability of the proposed systems are made.
Non-parametric jump identification
As the jumps in financial time series are inherently unobservable (i.e. we do not know If a given large return was a jump or if it was caused by the continuous volatility component), it is necessary to estimate them. This was traditionally done with the Bayesian estimation methods (for their comparison with an non-parametric approach see Ficura and Witzany 2016). With the increased availability of high-frequency financial data, however, a new class of jump estimators was proposed, utilizing high-frequency returns and the asymptotic theory of power variations. These methods exhibit high accuracy in simulation studies, as well as in empirical studies, and they also have the benefit of being model-free (i.e. the jump estimators are valid for a wide variety of possible price processes, so we do not have to assume some specific process for them model to give accurate results).
In our study the jumps in the analysed time series are identified with the L-Estimator proposed by Lee and Mykland (2008) . The estimator uses returns normalized by the local volatility (estimated with the realized bipower variation) to identify if the given return was caused by a jump or not. Specifically, the method compares the size of the local volatility normalized returns with a given quantile of the distribution of the expected maximum of these normalized returns in a time series of the given length, with the distribution derived under the assumption of no jumps in the time series. If the absolute size of the return is greater than the given quantile, it is identified as a jump. Important benefits of the L-Estimator compared to some other well-known non-parametric estimators such as the Z-Estimator, proposed by Barndorff-Nielsen and Shephard (2004), is, that it can be applied to any frequency (although the high-frequency data lead naturally to higher accuracy jump estimates) and that it identifies the jumps at the exact time when they occur (instead of just determining if a jump occurred during a given time-period as the Z-Estimator does).
In order to explain the logic of the L-Estimator and of the bi-power variation used to compute the local volatility, we first define a general stochastic-volatility jump-diffusion process governing the evolution of the logarithmic returns of the price of a given asset:
Where ( ) is the logarithm of the asset price, ( ) is the instantaneous drift rate, ( ) is the instantaneous volatility, ( ) is a Wiener process, ( ) is a process determining the jump sizes and ( ) is a counting process determining the jump occurrences.
It is worth noting that in line with the model-free nature of the employed approach, the process in equation (1) represents just a general specification of a jump-diffusion stochastic process of the price evolution, with the sub-processes governing ( ), ( ), ( ) and ( ), being free to attain a wide variety of different forms.
The total variability of the process governing the asset price evolution over the period between − and can be expressed with its quadratic variation as follows: , represents the aggregated impacted of jumps on the price variability over the given period of time, and is called jump variance. It is thus possible to rewrite the equation as follows:
Eq. 3
Where ( − , ) is the integrated variance and ( − , ) is the jump variance.
As already mentioned, the L-Estimator estimates jumps by comparing the size of the asset returns with the local volatility corresponding to the given return. In order to define the local volatility (as a measure of the continuous price variability) for each time-point in the time series, the authors use integrated variance over the last periods, which can be consistently estimated, even in the presence of jumps, by the realized bi-power variation defined as follows:
Eq. 4
Where 2 ( ) is the local variance estimate for day , ( ) is a logarithmic return at period , defined as ( ) = ( ) − ( − 1) with ( ) being the logarithm of the price at day , and is the period (i.e. number of days) used for the local volatility estimation.
( − , − 1) is then the realized bipower variation over the period between − and − 1 , which converges, with increasing frequency of the returns used for its calculation, to the integrated variance ( − , − 1). The L-Estimator can then be defined as follows:
Where ( ) is the L-Statistics, ( ) is the return in the given time-period and ( ) is the local volatility (i.e. the square root of the local variance 2 ( )).
The method of jump identification based on the L-Estimator uses the known distribution of the appropriately normalized maximum value of the L-Estimator in a time series of a length , with the distribution derived under the assumption of no jumps in the time series. The normalized maximum can be expressed as:
Where denotes a set of all periods in the analysed time series, ∈ {1,2, … , }, and and are constants expressed as follows:
And is a constant equal to = √2 √ ⁄ ≈ 0.7979.
To identify jumps in the time series it is necessary to utilize the known distribution of the maximum in a time series of length that does not contain jumps. The distribution of the maximum is:
Jumps can then be identified as the normalized values of ( ), with the normalization performed based on Eq. 6, that are larger than a given quantile of . I.e. larger than some sufficiently high quantile of the expected maximum value observed in a time series of length under the assumption of no jumps in the time series.
The jump estimation approach using the L-statistics has two meta-parameters, the period K, used for the local volatility calculation, and the quantile , used as a confidence level for the jump detection. Different values of K are proposed by Lee and Mykland (2008) for different frequencies of the time series from which the jumps are identified. In our study the values of K and will both be optimized on the in-sample period, in order to find out, what values lead to jumps with greatest predictive power with regards to the future returns. Different values of K and will also be tested in section two, in order to see how the number of identified jumps in the time series depends on the choice of these values.
Dataset for the jump analysis
The dataset used in the jump analysis contains time series (with different frequencies) for 4 foreign exchange rates (EUR/USD, GBP/USD, USD/JPY and USD/CHF) and 3 futures contracts (E-Mini S&P 500 Futures, VIX Futures and Light Crude Oil Futures. The currency exchange rate dataset ranges from 1.11.1999 to 12.6.2015. The futures dataset period differs for each of the underlying assets, for EMini 500 ranging from 11.9.1997 to 4.12.2015, for VIX ranging from 26.3.2004 to 2.12.2015 and for Light Crude Oil ranging from 2.1.1987 to 4.12.2015. The provider of the foreign exchange rates dataset is forexhistorydatabase.com, while the provider of the futures dataset is tickmarketdata.com. The analysis is performed on 7 different frequencies (1-minute, 5-minute, 15-minute, 30-minute, 1-hour, 4-hour and 1-day). The purpose of using multiple frequencies is to evaluate whether the markets are inefficient (with regards to the after-jump behaviour) only on the highest frequencies (as other studies have found) or if it possible to observe inefficiency even on the lower frequencies. It will also enable us to determine what frequency is most profitable for trading based on the jump signals, as while the price behaviour on the high-frequencies may be less efficient, the jump identification method will naturally identify more, smaller, jumps on the high frequencies, and it is not clear whether the predictive power of these small jumps is high enough in order to cover the high transaction costs of trading them. Therefore, we expect the highest profits to occur rather at middle frequencies.
The data were cleaned of weekend gaps and roll-over returns (for the futures series) as these may generate false jumps in the time-series corresponding to different issues than the rapid discontinuous price movements that we want to study (and that we believe may carry a profitable trading signal) Table 1 and Table 2 show the identified numbers of jumps for all of the analysed time series, at different frequencies and with different parameters used for the jump estimation (different numbers of periods k for the local volatility calculation and different probabilities of confidence p for the jump identification). The same combinations of parameter values will be used in the next section in order to fine-tune the proposed after-jump trading system in the in-sample period, with the fine-tuned systems being subsequently applied to the out-sample period and their results evaluated. We can see from Table 1 and Table 2 the following 3 tendencies. Firstly, the higher the frequency of the returns, the higher is the number of identified jumps This is entirely with accordance with our expectations as on the higher frequencies it is easier ty identify all potentially small discontinuous changes of the price, while at the higher frequencies most of these discontinuous changes will get lost in the overall price variability and become indistinguishable from the continuous volatility component.
Second tendency that can be observed is that with higher confidence levels used for jump identification, lower number of jumps is identified. This is obviously also in accordance with our expectations and it actually must be necessarily true in all of the cases.
The third tendency is that with higher number of periods used for local volatility estimation, less jumps are identified. This is, from our opinion, caused by the multifractal character of the continuous price volatility, causing the volatility to exhibit clustering at all existing frequencies. At the minute frequency there are small clusters, ranging for only several minutes, while at hourly, daily or even weekly frequencies there are similar clusters, but lasting in the horizon of several hours, days or weeks. If the parameter k for the local volatility estimation is then set too low, low local volatility is estimated every time, when the volatility cycle at the given frequency reaches a minimum, with the subsequent increase in volatility being miss-classified by the estimator as jump. Due to this cyclical character of the volatility process, we would advise against too low number of periods used for local volatility estimation, as the number of identified jumps may then rise to unrealistically high numbers, as can be seen for the highest frequencies and low values of k. Additionally, the intraday seasonality of the volatility leads to the same effect in this regard. During the night, volatility is low, while with the opening of the different world markets (i.e. the beginning of the Asian, European or US trading session) the volatility often spikes, which may lead to an identification of a jump although the return was caused by the continuous volatility component. While these issues may complicate the identification of the real price jumps, they are of no so much concern in our study as we simply set he value of k in order to maximize the in-sample profit of the proposed after-jump trading strategy and do not care so much whether some proportion of the jumps is misclassified or not. As long as the "jumps" carry predictive power with regards to the future returns, they are of interest to us. 
After-Jump trading strategy analysis
In this section the profitability of an after-jump trading system is analysed. The system utilizes the momentum-like effect of jumps, i.e. the tendency of the price to move in the direction of the jump in the periods after its occurrence. The proposed trading system, working on a given frequency, will thus enter a trade, immediately after a jump is identified, in the direction of the jump, for the closing price of the period in which the jump occurred. The trading system will then hold the position for a fixed number of periods after the jump occurrence, with the number of these periods being a metaparameter of the model (different for every asset and every frequency), that is optimized based on the criterion of maximum profitability in the in-sample period. Apart from the horizon of the trade, the trading system contains two additional meta-parameters, the number of periods k, used for local volatility calculation in the L-Estimator, and the confidence level p used for jump identification. Both of these parameters will also be optimized in order to maximize the in-sample profitability. The optimization is performed by using a simple grid search, in which different combinations of system parameters are tested and the most profitable one is then used for the out-sample trading. The trading system is applied to 7 assets, specifically 4 currency exchange rates (EUR/USD, GBP/USD, USD/CHF and USD/JPY) and 3 futures contracts (Light Crude Oil, E-Mini S&P 500 and VIX Futures), each of them observed at 7 different frequencies (1-Minute, 5-Minutes, 15-Minutes, 30-Minutes, 1-Hour, 4-Hours and 1-Day). Detailed description of the dataset and of the methods used for its processing was already provided in the previous section. For the purposes of the trading system evaluation, the dataset for each of the time series had to further be divided into an in-sample period (first 50% of the data, used for meta-parameter optimization) and out-sample period (last 50% of the data, used for profitability evaluation). All of the profits were calculated in the presence of transaction costs (spread + commission) equal to 1 pip for the currency time series (equal to 10 USD for the EUR/USD exchange rate) and 1 tick + broker commission for the futures contracts (commission was set equal to 2.2 USD per trade and the spreads are assumed to be one tick wide, corresponding to 10 USD for Light Crude Oil, 12.5 USD for the E-Mini S&P 500 contract and 50 USD for the VIX Futures).
The main criterion to evaluate the profitability of the applied trading systems with respect to their risk, will be the Drawdown ratio, defined as the ratio between the profit of the system per annum and its maximum historical drawdown (i.e. the maximum decrease of equity over the whole insample or out-sample period). As the maximum drawdown is often used by speculators to determine the minimum amount of capital needed to trade the given system (determining thus the maximum leverage that can reasonably be used by the trader), it is possible to interpret the value of the drawdown ratio as the expected annual return of the system, in the case when the drawdown ratio rule is used to calculate the utilized leverage. As this rule may be rather aggressive for most of the more risk-averse investors, a conservative estimate of the expected return of the system would be one half of the drawdown ratio, corresponding to the invested capital covering double of the maximum historical drawdown ratio. Table 3 shows the results for all of the trading systems (with optimized meta-parameters on the insample period) for all of the currency exchange rates and return frequencies that were tested.
We can see from Table 3 that the proposed system achieved promising results for some of the currencies and frequencies, with the out-sample drawdown ratios ranging from 30% to 50% and achieving even 137% in one of the cases (30-Minute frequency for the CHF/USD rate).
An interesting result is, that at the highest frequency of 1-Minute, the systems achieved significant losses even in the in-sample period. This can be attributed to the effect of the transaction costs, as there is very high number of small jumps identified at these frequency, which do not seem to posses high enough predictive power to cover the transaction costs associated with so many trades. All of the systems achieved thus a loss at the 1-minute frequency. Large number of small jumps, resulting in too many trades and high transaction costs has apparently have an overly negative effect on the returns on the 5-minute frequency too, as only the CHF/USD currency pair achieved significant profits at that frequency, with EUR/USD achieving slightly lower profits, while the other currencies ended with a loss. The results on the 5-minute frequency are in slight disagreement with the results in Novotny, Petrov and Urga (2015) who found their after-jump trading system to be profitable on this frequency for multiple currencies. Nevertheless, while the authors work only with a short period of 4-month during the year 2013, while out study is applied to more than a decade of returns, the results are not very comparable.
The two most promising frequencies with regards to the system performance are the 15-Minute and the 30-Minute frequency, at which the tested systems achieved high out-sample profits for all of the tested currencies with exception of YEN/USD. It seems that at these frequencies the jumps are not already so frequent to plague the system with unacceptably high transaction costs, caused by small jumps with low predictive power, but at the same time there is still enough jumps for the system to achieve good profits. At the same time the market can be assumed to not be as efficient on the higher frequencies as on the lower ones, which could further explain why the systems achieved high profits at these two frequencies, while at the lower ones they ended with a loss.
The highest annualized drawdown ratios at the 15-minute and the 30-minute frequencies were achieved by the CHF/USD exchange rate (57% and 137%), followed by the EUR/USD exchange rate (43% and 33%) and then the GBP/USD exchange rate (18% and 14%). For USD/JPY a loss was achieved (-3% and -0.2%).
At the lower frequencies (1-hour, 4-hour and 1-day) the results start to significantly differ for the different currencies and it is thus rather difficult to interpret them with regards to market efficiency (although on average, the profitability seems to decrease, corresponding to more efficient markets at these frequencies). Surprisingly, the 1-hour frequency was unprofitable for all of the currencies with the exception of the YEN/USD for which it achieved a low profit (5% drawdown ratio). At the 4-hour frequency, however, the GBP/USD achieved a high profit (34%), while EUR/USD and YEN/USD achieved low profits (7% and 6%). At the daily frequency, only the EUR/USD exchange rate achieved a profit (40%), which, although being relatively high, was achieved by only 7 trades and it has thus not very significant from the statistical point of view.
Overall, USD/CHF seems to be the most promising currency for our after-jump trading strategy, followed by EUR/USD, then GBP/USD and finally YEN/USD which was the least profitable (this could potentially be explained by the regular monetary interventions of the Bank of Japan into the Yen currency exchange rate, which may results in a different after-jump behaviour of the exchange rate than the standard news-induced jumps). Apart from the outlier-like 137% drawdown ratio for the USD/CHF 30-minute frequency, the trading systems achieved annualized drawdown ratios ranging from 30-50% for multiple other frequencies (primarily for USD/CHF and EUR/USD). This would correspond to 30-50% return per annum in the case of the aggressive use of leverage (capital covering exactly the maximum drawdown), respectively to 15-25% return per annum in the case of the conservative use of leverage (capital covering double of the maximum drawdown). The profitability is thus relatively high and may be interesting to practitioners, especially considering that the simple system that we propose may be further improved. Table 4 shows the results for the analysed futures contracts.
It is apparent that the results for the futures do not look as good as for the currency exchange rates. The only asset for which the proposed after-jump trading system achieved interesting profits was the Light Crude Oil. Unlike the currency exchange rates, however, the system achieved profit on the 3 lowest frequencies, while at the 15-Minute and 30-Minute frequencies it achieved a loss. The highest absolute profit in the out-sample period was achieved at the 1-hour frequency, it was, however, associated with a massive drawdown, causing the drawdown ratio and thus the risk-adjusted relative profitability, to not be so good. Best relative, risk-adjusted profitability was achieved on the 1-Day frequency, the profit was, however, caused by only 4 trades, making the result insignificant.
For the E-Mini S&P 500 Futures and VIX Futures the after-jump trading strategy seems to be completely unprofitable on all of the frequencies. The reason for this could be the existence of a significant risk premiums on these markets, which are known to rise when the market crashes (or the VIX index rises). The rise of the risk premium does in these cases increase the negative jump movements (i.e. the market crashes and VIX surges), while at the same time, increasing the expected future returns (i.e. corresponding to a mean-reversing after-jump behaviour of the price). Indeed, a contrarian strategy of buying the stock index after crashes (or shorting the VIX after its spikes) is well known among the hedge funds and individual speculators. It is thus possible to hypothesize that this risk premium mean-reversion effect negated the momentum-like effect of the jumps (which are mostly negative for the S&P 500 and positive for the VIX), causing the proposed after-jump trading system to be unprofitable. The trading system proceeded by entering long or short trades in the direction of price jumps, for the closing price of the period in which the jump occurred. The position was held for a fixed number of periods (1 to 16), with the number optimized to maximize the in-sample profitability of the system for each of the currencies. The jumps in the time series were identified with the nonparametric and model-free L-Estimator, whose parameters (period k for local volatility calculation and confidence level p for jump identification) were optimized on the in-sample period too. The evaluation of the results was performed on the out-sample period (last 50% of the data for each of the time series), based on the total profitability and the drawdown ratios (yearly profit to maximum historical drawdown). The testing included realistic transaction costs (commissions and spreads), equal to 1 pip for each of the currencies and 1 tick spread + commission (2.2 USD per trade) for the futures.
The results of the study show that the after-jump trading according to the proposed system represents a promising trading strategy for 3 out of the 4 analysed currency markets, with the highest profitability achieved on the USD/CHF series, followed by EUR/USD and then GBP/USD, while for USD/JPY rate achieved mostly loses. The most profitable frequencies for trading were for most of the currencies the 15-Minute and the 30-Minute Frequency at which the system achieved (for USD/CHF and EUR/USD) returns in the range of 30-50% in the case of heavy use of leverage (equity covering exactly the maximum drawdown) or 15-25% in the case of lower use of leverage (equity covering the double of the maximum drawdown). Similarly high profits were also achieved on the USD/CHF series on the 5-minute frequency and on the GBP/USD series on the 4-hour frequency. The 1-minute frequency proved to be unprofitable due to too many small jumps with low predictive power, plaguing the system with large transaction costs. On the 1-Day frequency there was generally too few jumps in the time series to view the results as significant, but the EUR/USD and Light Crude Oil achieved relatively high relative profits even at this frequency.
As for the Futures markets, the only one at which the system was profitable was the Light Crude Oil at frequencies of 1-Hour or larger. At 1-Hour and 4-Hour frequency the system achieved 20% yearly returns (in the case of high leverage), respectively 10% (in the case of lower leverage). The relative profitability on the 1-Day frequency was even higher but insignificant due to small number of trades.
The system achieved mostly losses for the E-Mini S&P 500 and VIX futures markets, which we attribute to the rising risk premium in the case of market crashes (negative jumps for the stock index and positive jumps for the VIX), which is making the contrarian approach (i.e. buying the index in the case of negative jumps, respectively shorting the VIX in the case of positive jumps) a potentially more suitable strategy for these markets than the momentum-like trading that proposed in this study.
As for future areas of research, the profitability of the model could most probably be increased by using a more sophisticated exit strategy (i.e. stop-loss and profit-target) as well as by using a more sophisticated optimization method for the model parameters, potentially trading with multiple values of the parameters at once. Similarly, an application to other assets and asset classes would be a straightforward extension of the research which might offer potential new insights and trading opportunities.
